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HepiBHOCTi Tnny Jle6era ji^Jisi cyM BajiJie IlycceHa na MHo:a<:HHax 

aHajiixHHHHX xa i],ijiHX 4)yHKii,iH 

Lebesgue-type inequalities for de la Vallee Poussin sums on the sets 

of analytic and entire functions 



For the functions from sets C^C and C^Lsj 1 < s < oo, generated by sequences 
ij{k) > satisfying the condition dAlembert hm = q, q E [0,1), 

asymptoticahy unimprovable estimates for deviations of de la Vallee Poussin 
sums in the uniform metric, which are represented in terms of values of the 
best approximations of {^JJ, /3)-differentiable functions of this sort by trigonometric 
polynomials in the metrics Lg are obtained. Proved that received estimates are 
unimprovable on some important functional subsets. 

JJ^ji^i 4)yHKn;iH 3 mho>khh C^C Ta C|L„ 1 < s < oo, nopofl>Ky- 
BauHx nocjiiflOBHOCTHMH ^p{k) > 0, m,o saflOBOJibHHiOTb yMOBy ^ajiaiviSepa 
lim '^'^l^/t)^ = q, q E [0,1), o/],ep>KaHO acmvinTOTKHHO HenoKpam,yBaHi on,iHKH bI/i,- 
xHjieHb B piBHOMipmft MeTpnii^i cyM BajiJie Hyccena, ^iki BHpa>KaiOTbCJ5 ^epes sna- 
HeHHH HauKpainHx Ha6jiH>KeHb {^JJ, /3)-noxiflHHx TaKHx 4)yHKn,iH TpHroHOMCTpHH- 
HHMH nojiinoMaMH b MCTpuKax npocTopiB Lg. floBefleno, m,o Oflep^Kani on,iHKH 
3ajiHmaiOTbC5i HenoKpam,yBaHHMH na pfiiiKux Ba>KjiHBHx 4)yHKij,ioHajibHHx mj\- 

MHOJKHHaX 3 C^^C Ta C^Ls- 



^Po6oTa sHKOHana aa MacxKOBoi' ni/i;TpHMKH ^ep:a4;aBHoro 4)OHAy 4)yH^aMeHTajibHHx ^ocjii^yKenb yKpaiHH (npoeKT 
JV^ GP/O36/068) 
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^JI5I (J)yHKD;Hil H3 MHOJKeCTB oo, nopo^Kflae- 

Mbix nocjieflOBaTejibHOCTHMH 'il){k) > 0, yflOBjieTBop5iioiri,Hx ycjiOBHe ^ajiaMGepa 
lim ^'^^■^^ = Q G [0? 1)) nojiyneHbi acHMnTOTHHecKH HeyjiynmaeMbie oi],eH- 
KH OTKjioHeHHii B paBHOMepHOH MeTpHKe cyMM Bajijie HycceHa, BbipajKaioinHe- 
C5I nepes SHa^eHHH HaHjiy^mnx npH6jiH5KeHHii ('0, /?)-npoH3Bo;];Hbix sthx (|)yHK- 
i],HH TpHroHOMeTpHHecKHMH nojiHHOMaMH B MeTpHKax npocTpaHCTB Lg. ^OKasana, 
HeyjiyHLuaeMOCTb nojiy^ennbix OD;eHOK na neKOTopbix BajKHbix 4)yHKLi;H0HajibHbix 
noflMHOJKecTBax h3 C'^C h CpLg. 
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Hexaii C — npocTip 27r-nepio/],HHHHx nenepepBHHx 4)yHKij;iH / 3 HopMOio 
c = max Lg — npocTip 27r-nepioflH^HHx cyMOBHHx 4)yHKD;iH 3 HopMOio 



t 

27r 



(j\f{mt)\ i<s<oo, 

ess sup s = 00. 

0<t<27r 

B ^aniii po6oTi po3rji5i/];aK)TbC5i mhojkhhh L^OT i C^OT nepio/];HHHHx 4)yHK- 

i],iH, nKi 6yjio BBe^eno O.I. CTenaHii,eM [1, 2] HacTynHHM hhhom. Hexaii / — 27r- 

nepioflHHHa, cyMOBHa 4)yHKLi;i5i (/ G -Li) i 

00 00 
— + ^{ttkcoskx + bksinkx) = ^Akif;x) 

k=l k=0 

— i'l piifl Oyp'e. Hexaii, flajii, ip{k) — flOBijibna nocjiiflOBHicTb flificHHx HHceji i 
P — 4)iKC0BaHe fliiiCHe hhcjio. 
5lKni,o p5ifl 

£ ^ (""^ ^^"^ + + ^fc sin (A;x + 

e pHflOM Oyp'e /],e5iK0i cyMOBHOi 4)yHKii,ii to 11,10 4)yHKi],iio nasHBaioTb [tjj, (3)- 
noxiflHOK) 4)yHKLi;ii / i no3Ha^aiOTb ^epe3 [1, c. 25]. MHOJKHHy Bcix 4)yHKD;iii 
/, 5iKi 3a;];oBOJibH5iiOTb Taxy yiviOBy, no3HaHaiOTb Hepe3 L^. 5lKni,o / G i b toh 

>Ke nac G OT, fle — fle^iKa ni/],MHO>KHHa 3 = {(p ^ Li : J (p{t)dt = 0}, 

— IT 

TO 3anHcyiOTb / G L^OT. 5lKmo = /, to 4)yHKii,iio F Ha3HBaiOTb (-0, /?)- 
iHTerpajiOM 4)yHKi],ii /, npn ii,bOMy 3anHcyiOTb F(x) = J'g'if',x). HoKjia^eMO 



Lpf]C = Cp, Lp^f]C = CjO^. Ha^ajii b pojii 0^ BHCTynaTHMyTb npocTopH C 
Lg, 1 < s < 00, a6o >K fleHKi ix ni;];MHO>KHHH. 

B paMKax po6oTH 6yfleM0 BBa>KaTH, mo nocjiiflOBHicTb il^{k)^ axa nopofl>Kye 
KjiacH L^OT i C^OT flo^aTHa i 3aflOBOJibH5ie yMOBy Pg, q G [0, 1), iiKa nojiiirae y 
BHKOHanni HacTynHoi piBHOCTi: 

,. ^(k+l) 
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B TaKOMy pasi 6yfleM0 EHKopncTOByBaTH sannc: ijj E'Dq. Mhojkhhh C^O^, ifj ^ '^q^ 

q G (0, 1) cKjia^aiOTbCfl 3 27r-nepioflHHHHx 4)yHKi],iH /(x), hkI ^onycKaiOTb pery- 
jiapne npoflOB>KeHH5i y CMyry \lm.z\ < KOMnjieKCHOi njioiii,HHH. Y BnnaflKy, 

KOJIH 1p G Dq^ MH05KHHH C^OT CKJiaflaiOTbCil 3 (^yHKL^ift, peryjIiipHHX B ycift KOM- 

njieKCHift njiomHHi, to6to 3 D;ijiHx 4)yHKD;iii. 

BiflOMO [2, c. 136], mo Kjiacn I/^OI, i/j G Pg, q G [0, 1) CKjia;],aiOTbC5i 3 4)yHKi],iH, 
5iKi MaftjKe CKpi3b MO^Kna 3o6pa3HTH y BHrjiH^i 3ropTKH 

TT 

fix) = j + ll^(^- t)'^pit)dt, ^±1 (2) 

— TT 

3 H^pOM 

k=i ^ 

5Ikiii;o 5k / G C^OT, to piBnicTb (2) BHKOHyeTbCH fljiH Bcix x G M. 
y BHna^Ky, kojih 

^(fc) = e""^',a > 0, r >0 (3) 

MHO>KHHH L^O^ i C'^OT 6yfleM0 no3HaHaTH Hepe3 L^''^OT i C^'^OT Bi^noBiflHO. Mho- 
5KHHH C^''^91: CKjia^aiOTbCfl 3 y3arajibHeHHx inTerpajiib HyaccoHa (ahb., nanpn- 
Kjiafl, [3, c. 926]), to6to 4)yHKD;iH Burjiiifly 

TT 

fix) = ^ + - f ipix-t)Pa,rAt)dt, ipe% ip±l, aoGM, (4) 

Z TT J 

— IT 

00 n 

k=l ^ 

— y3arajibHeHi 5i;];pa HyaccoHa 3 napaMeTpaMH q;>0, r>0 /3gM. OyHKD;iio 
(/? B piBHOCTi (4) Gy^eMO no3HaHaTH Hepe3 /"'^. y3arajibHeHi inTerpajiH HyaccoHa 
(to5to 4)yHKi],ii / BHrji5i/],y (4)) Sy^eMO no3HaHaTH Hepe3 J'^'^{(p). 

Hpn r = 1 iiflpa Pa,r,pit) e 3BH^aiiHHMH HflpaMH HyaccoHa 3 napaMeTpaMH a 
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i to6to 



oo 



k=l 

a iHTerpajiH J'^'^{(p) — SBH^aiiHHMH inTerpajiaMH ITyaccoHa 4)yHKi],ii (/9 G OT. 
HeBa>KKO nepeKOHaTHCfl, mo npn r = 1 nocjiiflOBHicTb i/j{k) BHrji5i/],y (3) sa- 
flOBOJibHiie yMOBy Vq^ j\e q = e~", a npH r > 1 — yMOBy Vq. 

OflHHHHHy KyjiK) B npocTopi Lg, 1 < s < oo, nosHaHHMO He pes Us'- 
Us = {f '■ f ^ Ls, WfWs ^ l}- A-^^ CKopoHeHHH sanHcy noKjia^eMO C^Us = 

ri^TT _ 7-V' 

riiflnpocTip TpHroHOMeTpHHHHx nojiinoMiB t^-i, nop5iflOK hkhx ne nepeBHmye 
m — 1, nosHaHHMO nepes Tim-i- BejiHHHHa 

Em{f)x= inf ||/-tm-i||x 

e HaftKpamHM Ha6jiH5KeHH5iM 4)yHKLi;ii / G X C -Li b MeTpnii;! npocTopy X Tpn- 
roHOMeTpHHHHMH HOJiiHOMaMH nopH^Ky m — 1. ^ajii b pojii X BHCTynaTHMyTb 
npocTopn C a6o Ls, 1 < s < oo. 

Hkiho / G -Li, to nojiinoMH BHrjiH^y 

-J n— 1 

^ k=n—p 

AG *S'fc(/) = x) — HacTHHHi cyMH Oyp'e nopH/],Ky k 4)yHKii,ii a p = p{n) 

— neBHHH HaTypajibHHii napaMexp, p ^ n nasHBaiOTb cyMaMH BajiJie IlycceHa 
4)yHKLi;ii /. IlpH p = 1 cyMH BajiJie IlycceHa 6 ^acTHHHHMH cyMaMH Oyp'e 

Sn-i{f) nopHflKy n — 1, 5iKmo >k j9 = n, to cyMH V^,p(/) nepcTBopioiOTbCH y Bi/],OMi 
cyMH Oenepa an-i{f) HopaflKy n — 1: 

o-n-i(/) = c^n-i(/; ^) = - 'S'fcl/; a;). 

k=0 

^jiii cyM BajiJie IlycceHa Mae MicH;e nepiBnicTb Jle6era (ahb., HanpHKjiafl, 
[4, c. 61]): 

11/ - VnM)\\c < iWVnA + l)En-p+lif)c, (5) 
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= sup \\Vn,p{f; •) lie — nopMa onepaTopa Vn,p. Upn p=l 4)opMyjia (5) 

ll/llc<l 

Hajie>KHTb A. JIe6ery [5]. Ou^mKn BejiHHHH ||V^,p|| BCTanoBjiioBajiHCb b po6oTax 
BajiJie nyccena [6], CM. HiKOJibCbKoro [7], C.B. CTe^Kina [8] xa in. IloflajibmHH 
po3BHTOK BKasaHoi TGMaTHKH noB'flsaHHH 3 ;];ocjii;];5KeHH5iMH O.JJ^. ra6icoHii [9], 
A. A. SaxapoBa [10], C.B. CTeHKina [4] Ta in. B li,hx po6oTax SHaneHKH BejiH- 
™H ||pn,p(/; •)\\c, fle Pn,p(/; x) = f(x) - Vn,p{f; x), o^iHIOBaJIHCb Hepes HaftKpam;! 
Ha6jiH5KeHH5i Em{f)c- SasHaHHMO, mo ocTaTo^ni nopHflKObi pesyjibTaTH b flano- 
My HanpHMi Hajie>KaTb C.B. CxeHKiHy [4, c. 62], hkhh flObiB, mo fljiH flOBijibHOi 
4)yHKLi;ii / G C i 6yflb-5iKHx n, p G N, p < n BHKOHyeTbCH HepibnicTb 

\\Pn,p{f ^ -nlc <^2^ T , (6) 

j\e A — p^esiKa a6cojiiOTHa CTajia. Hhm jkg 6yjio ppBepfino^ mp nepiBHicTb (6) 

e TOHHOK) 3a nOpHflKOM ^JI5I flOCHTb niHpOKOl MHO^KHHH 4)yHKI],iOHajIbHHX KOM- 

naKTiB. ^iiiCHO, 5ikiii;o e = m G N — flOBijibna mohotohho nespocTaiOHa, 
HecKin^eHHO Majia nocjii;];oBHicTb, a C(£:) — MHOJKHHa 4)yHKD;iH Lp ^ ^jih hkhx 
Emisp)c < £m Vm e N, TO icHyiOTb a6cojiK)THi CTajii Ai i A2 Taxi, 111,0 fljia bcix 
n,p G N, p < n, 

n—1 n—1 

^iE^TtT^ sup |K,(/;.)||c<A,^^^. (7) 

ripH p = 1 i p = n cnibBi^HomeHHii (7) ;];0BefleH0 b po6oTax [11] i [12] Bi^noBiflHO. 

AcHMnTOTHHua noBe/],iHKa BejiHHUH 

8im;Vn,p)x = SUp\\f-VnM)\\x: X C (8) 

Ha ;];e5iKiix Ba^KjiuBux Kjiacax nepioflUHHux (|)yHKi],iH 9^ C X npH X = C pp- 
cjiiflJKybajiHCb 6araTbMa abTopaiviH, TaKUMu hk A.M. KojiMoropob [13], CM. Hi- 
KOJibCbKHH [14, 15], O.n. TiMan [16] Ta inrni. /],eTajibHime osnaiiOMHTHCb 3 bi- 
ppunMn pesyjibTaTaMH y flauoMy uanpsiMKy Ta 3 icTopieio niiTaHH5i MOJKua, na- 
npuKjiafl, b 6i6jiiorpa4)iHHHx KOMenTapax MOHorpa4)iH [2, 17, 19]. Ha Kjiacax 
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L^O^ Ta acHMnTOTH^Ha noseflinKa BejiHHHH (8) npn i/j E 'Dq flocjiifl:>KyBa- 

jiacb B po6oTax [18-26]. JJ^ji^ KjiaciB ^ npn tjj G Vq, g G (0, 1), 1 < s < oo, 
/3 G R HaiiSijibm ocTaTOHHi pesyjibTaTH no flOCJiifl>KeHHK) acHMnTOTHKH BejiHHHH 
S{C^ Vn,p)-, n,p G N, p < n MicTHTbCH b po6oTax [24, c. 1674] i [26, c. 4] 3 hkhx, 
soKpeMa, BHnjiHBae, mo npn n — p oo Mae MicD,e piBnicTb 



P/^V T/ ^ V^(n-p + l)|^||cost 



P \ TT 



1+1/s' 



+ — ^— tt: mm 



(n-p+l)(l-g)'^(^» (l-g)2 



fle i + i = 1, 



(9) 



, l<u<oo,qe (0, l),pG N, (10) 



(7{u,p) 



1 



1 npH 



u 



= 1 i p=l, 



2 npH l<w<oo i p=l, 

3 npn 1 < w < (X) i p e N\{1}, 



(11) 



£m = £m{.^) = sup 
A;>m 



0, s = 2, 

1, sG [l,oo]\{2}, 

^(/c + 1) 



- Q 



(12) 



(13) 



a 0(1) — BejiH^HHa, piBHOMipno o6Me:>KeHa Bi^nocHO Bcix posrjiH^yBaHHx napa- 
MexpiB. 

B po6oTi [27] BCTaHOBjieno anajiorH nepiBHOCTeii Jle6era fljiH (J)yHKLi;iH / 3 
L^'^Lg, 1 < s < oo, a > 0, B 5IKHX OD;iHKH Bi;];xHjieHb ||/(-) — 5'„_i(/; •)||s bh- 
pa>KajiHC5i nepes HaiiKpami Ha6jiH>KeHH5i 4)yHKii,iH /^'^ b MeTpHxax npocTopiB Lg. 
A caMe, flOBefleno, mo ^jih flOBijibHHx / G L^'^Lg, q;>0, /3gM, 1<s<oo 



Mae Mici];e nepiBHicTb 



11/ - S„-i(/)||. < (5k(5) + 0(1)^^^^) 



(14) 
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K(,) = /"^ '^^ 

^0 \J\ — sin^ V 

— noBHHii ejiinTHHHHH inTerpaji nepmoro po;];y, a 0(1) — BejiH^Hna, piBHOMipno 
o6Me>KeHa no napaiviexpax n, s, / G L^'^L^. Hpn s = 1, oo flOBe^eno acnivin- 
TOTHHHy HenoKpau],yBaHicTb oflepjKannx nepiBHOCTen. B [28] pesyjibTaxH po6oTH 
[27] 6yjiH ysarajibneni na BHna;];oK cyM BajiJie riyccena. 

/^ana po6oTa, 5iKa e npoflOB>Kenn5iM flocjiifl>Kenb [27, 28], npncB5inena BCTanoB- 
jiennio acHMnTOTnnno nenoKpan^yBannx anajiorin nepiBHOCTeii Tnny JIe5era fljia 
cyM V^,p(/) na MHOJKHnax C^Lg npn '0 G "D^, g G [0, 1), /3 G M i 1 < s < oo. 

TeopeMa 1. Hexau i/j G Pg, 0<g<l;;5GM, n,pGN, p<nzl<s<oo. 

ip{n — p + 1) / II costll.s' 

(15) 

e jiKiw s' = a Kq^p{s'), a{s',p), 6{s) i Sn-p+i eusHaHawmbCH (jjopMi/AaMU 
(10), (11), (12) I (13) eidnoeidno. 

ITpu VfhOMy dAn 6ydh-nK0i (^yHKH^n f G C^Lg, 1 < s < oo z doemhHux 
n,p ^ N, p < n, 6 MHODfcuHi C^pLg^l < s < oo, anaudemhCH (fjyHKU^iM 
F{x) = F{f;n;p;x) mana, lu^o En-p+i{Fj)^^ = E„_p+i(/^)^^, i dAn net npu 
n — p — )• oo GUKOHyemhCH pieHicmh 

(16) 

y i 0(1) — eeAUHUHu, pienoMipno odMeofcem eidnocHO ecix poasARdyeaHux 
napaMempie. 



Todi dAH doezAhHoi' ^yuK'nii f G C^Lg cnpaeedAuea Hepiemcmh 
I Ml ^ ^(n-p+ 1) /^ ||cost||,/ , 

|Pn,p(/;a^)||c < Z ( -1+1/5- Kq^p{s)^ 
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Is TeopeMH 1 BunjiHBae, in;o nepiBnicTb () e acuMnTOTUHHO tohhok) npn 
n — p — )■ oo Ha Bcix MHOJKHnax C^Lg npH ;];0BijibHHx g G (0, 1), /3 G Mi 
1 < s < oo. noKa>KeMO, iii,o i],5i >K HepiBHicTb sajiHinaeTbCH acHMnTOTHHHO toh- 
HOK) i Ha fleiiKHx BajKjiHBHx niflMHOJKHHax 3 C^Lg. ^iiicHO, posrjiiiflaiOHH Tonni 
Bepxni Me>Ki o6ox ^acTHH () no Kjiacax C^^, 1 < s < oo i BpaxoByiOHH, mo 

En-p+lifp)L, < 1, OTpHMyeMO 

CniBCTaBjiiiiOMH ocTanne cniBBi;];HomeHH5i 3 acHMnTOTH^noio piBnicTK) (), npnxo- 

flHMO Pf) BHCHOBKy, 111,0 B () MO>KHa HOCTaBHTH 3HaK " /],OpiBHK)e " . 

BajKjiHBHMH npHKjiaflaMH iiflep ^^^3 Koe4)iLi,ieHTn i/j{k) hkhx 3aflOBOJibH5iioTb 
yMOBy i/j ^Vq e 

— nojiirapMOHinni 5i^pa HyaccoHa (ahb. [30, c. 256-257]) 

00 n 

k=l 

— Hflpa IlyaccoHa ^jih piBHHHHH TenjionpoBi^HOCTi (^hb. [31, c. 269]) 

'^<idt) = E -k (^^ - ' ^ ^ (0' 1)' e ^' (20) 

fc=l ^ + ^ ^ 

— Hflpa HeHMana (ahb. [2, c. 361]) 

^^At) = J2jcos (kt - qe (0,1), ^eR (21) 

k=l 

Ta inmi. 

/],JI5I BGJIHHHH €m BHrjIHfly (13), 111,0 nOpOfl>KyK)TbC5I nOCJiiflOBHOCTHMH 

ip{k) = ipi{k) iiflep Pq^p{l,t) npn / = 1 cnpaB^jKyeTbCii TOTO^KnicTb 

£m = 0, (22) 
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a npn / G N \ {1}, hk flOBe^eHO b [32, c. 108] (ahb. TaKOJK [33, c. 180]), Mae MicLi;e 
HepiBHicTb 

eUl) < men- (23) 

m 

Sm, nopofl^KeHHx nocjiiflOBHOCTHMH ipi^) = qk+q-k ^fl^p Vq^p{t), cnpaBefljiHBa 
oi],iHKa 

^2k+l(-i _ 2) 2m+l/i _ 2A 

£ = suD - ^- ^ = - ^- ^ < 02"^+^- (24:) 

fljiii I^o nopofl^KyiOTbCfl nocjiiflOBHOCTHMH V'C^) = \ ^flep Nq^p(t), jierKO 

flOBeCTH piBHiCTb 

£m = sup — — = — . (25) 

k>m k + 1 m + 1 

Is TeopeMH 1 i 4)opMyji (22)-(25) OTpHMyeMO nacTynm TBepfl>KeHH5i. 
HacjiidoK 1. Hexau mhochcuhu C^Lg, /3gM, 1<s<oo nopodomywrahCM 
KoecpiVfieHmaMU ip{k) = ipi{k) ndep Pq^^il^t), I G N, eusAndy (18). Todi Sah 



doeiAhHux f G CiLg, n,p e p < n cnpaeedAuea Hepienicmh 



\PnAf: ^)\\c< (1 + E n(* + 2'^)) X 

^ j=l 1^=0 

( II COS f II , „ ^, ^ ( qH'"^) 

X ( + 0(1) (^-— 



^9 

mm 



{p,^}))iS„_,+i(/;)i„ (26) 



(n — p + 1)(1 — g)2 

s' = a Kq^p{s'), a{s\p) i 6{s) euaHauawmhCM (f)opMyAaMU (10), (11) i 
(12) eidnoeidno. 

ITpu y^hOMy dAn 6ydh-nK0i c^yHKV^n f G C^Lg, 1 < s < oo z doeiAhuux 
n^p E N, p < n, 6 MHOCHcuHi C^Ls^l < s < oo^ SHaudembCM ^yuKu^i^ 
F{x) = F{f;n;p;x) mana, ui^o En-p+i{F^)^^ = En-p+iifp^^, i Oah net npu 
n — p — )• oo euKOHyemhcn pieHicmb 

\\Pn,{F; ^) lie = ^(1 + E n(^- + 2")) X 

^ j=l z/=0 
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+ („_,+';(l_,). °^'°faT^}))^~-.^^(^').,. (27) 

y i {) 0(1) — eejiuHUHU, pienoMipHO odMecHceni eidnocHO ecix possjindyeaHux 
napaMempie. 

HacjiidoK 2. HexaU mhookuhu C^Lg, /3gM, 1<s<oo nopodcHcywuihCJi 
Koecpiu^ieHmaMU i){k) = ^k^^-k ^dep Vq^p{t), eusjindy (20). Todi Bar doeiAtnux 
f G CpLg, n,p ^ N, p < n cnpaeedAuea Hepiemcmb 

\\pnAf'^^)\\c < 



< , ( -^Tzn:rKq,pis ) + 0(1) 



(1 + g2(n-p+i))p \^ ^'f'v y V /V(n-p + l)(l-g)^(«» 

s' = a Kq^p{s'), (j{s',p) i 6{s) eusHauawm'bCR (popjuyAaMU (10), (11) i 
(12) eidnoeidno. 

Upu v^bOMy dAM 6ydb-MKoi' (pyuKyn f G C^Lg, 1 < s < oo z doeiAhuux 
n^p E N, p < n, 6 MHOCHCuni C^Ls, 1 < s < oo, anaudemhc^ ^yHKii^m 
F{x) = F{f]n;p;x) mana, lu^o En-p+i{Fp^^ = En-p+iifJ^) i Sah net npu 
n — p — )• oo euKonyemhCH pieHicmh 

\\pn,p{F]x)\\c = 

2g^-P+i J|cost||,,'^ q6{s) 



(l+g2(n-P+i))pV ^i+i/s' ^ V n(^^_^^;L)(l-g)^(«» 

y 2 0(1) — ecAUHUHU, pienoMipHO odMecHceni eidnocHO ecix possAAdyeanux 
napaMempie. 

HacjiidoK 3. HexaU mhojkuhu C^Lg^ /3gM, 1<s<oo nopodcHcyTom'b- 

k 

CA Koecfjiu^ieHmaMU i^{k) = y Adep Nq^p{t), eudAAdy (21). Todi Baa doeiAtnux 
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/ G C^Lg, n,p G N, p < n cnpaeedAuea Hepiemcmh 

||Pn,p(/;^)||c < 

-K^-1>+1)V Tfi+iA' ^'^^^^^ ^V(n-i>+l)(l-g)-(^» 



+ (n-^ + 2)(l-,)2 r^}))^-^+i(/^')^«' (30) 

s' = a Kq^p[s'), a{s',p) i 6{s) eusHaHammhcn ^opuyAauu (10), (11) i 
(12) eidnoeidno. 

ITpu UfbOMy dAM dydb-AKOi (jjyHKV^n f G Cf^Lg, 1 < s < oo z doemtHux 
n^p G N; p < n, e MHOotcuni C^Ls^l < s < oo, SHaudemtCH ^yuK'nin 
F{x) = F{f;n;p;x) mana, m,o E„_p+i(F^')^^ = E„_p+i(/^)^^, i Bar nei npu 
n — p ^ oo euKOHyembCA piemcmh 

\\pn,p{F]x)\\c = 

p{n-p + l) \ TT^+y^' ''^'^^^^ + '^^'^l(n-p + l)(l-g)-(^»^ 

^(^r^TTlKr^-^^^^^'T^ (^^^ 

y z 0(1) — eeAUHUHU, pienoMipno odMejiceni eidnocHO ecix possAAdyeanux 
napaMempie. 

OcKijibKH, 5IK sasHanajiocii Bniii;e, npH p = 1 cyun BajiJie HycceHa V^,p(/) 
nepeTBopioiOTbCH b cyMH Oyp'e 5„_i(/), to 3 () ^jih ;],OBijibHOi / G C^Lg, t/j G 
gG(0,l),l<s<oo BHnjiHBae nepiBHicTb 

\\f(x)-S„.i{J;x)\\c< 

^ ^(») + 0(1) ^'g,.-., + (13^)) ^»(/.')^.- (32) 

B po6oTi [35] (ahb. 4)opMyjiy (25)) 6yjio noKasaHO, mo npH 1 < n < oo 
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F(a,6;c;^) = l + y ^44^77' = x{x + l){x + 2) ■ ■ ■ [x + k - I) 

— rinepreoMeTpHHHa 4)yHKLi;i5i Faycca. ToMy fljiH 1 < s < oo HepisHicTb () mo- 
5KeM0 nepenHcaTH y BHrjia^i 

\\f{x)-Sn-l{f-^x)\\c< 

(33) 

5Ikiii;o s' = 1, to (ahb. [36, c. 919]) 

f(i i;l;9^)=2K(9), (34) 
fle K(g) — noBHHii ejiinTHHHHH inTerpaji nepmoro po^y. 



Is 0, 3 ypaxyBaHHHM (11), (12) i (34), ^jih flOBijibHOi / G Cth^^ /3 G M, 



•0 G 9 G (0, 1) MO^KeMO sanHcaTH nepiBHicTb 

\\f(x)-S„.i(f;x)\\c< 



< ^(n) (Ak(,) + 0(1) + (35) 



5Ikiii;o V'C^) = e a > 0, to 3 () BnnjiHBae nepiBHicTb (14) npn s = oo. 
PosrjiHflaio^H TOHHi Bepxni Memi o6ox nacTHH () no Kjiacax OTpHMyeMO 

£iCL-, Sn-i)c < ( Jk(<,) + 0(1) (^^^ + ) , (36) 

CniBCTaBjT5iiOHH D;e cniBBi;];HomeHH5i 3 OTpHManoio b po6oTi [29, c. 384] acHMHTO- 

THHHOK) npH n ^ oo piBHiCTK) 

£ Sn-i)e = m ( Jk(,) + 0(1) (^^^ + (Y^^)) . (37) 

npHXOflHMO flO BHCHOBKy, 111,0 npH S = oo B CniBBiflHOmeHHi (36) MO>KHa nOCTaBHTH 



3HaK "flopiBHioe". 
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IIpH s' = 2, 5IK jierKO nepeKonaTHCii, 

i^*g.Ji;,^)=^'(M;i;.^) = ^. (38) 

Is 0, 3 ypaxyBaHHHM (11), (12) i (38), fljiH flosijibHHx / G G M, ^ 

g G (0, 1) MOJKeMO sanncaTu nepiBHicTb 

||/(x) - S„_i(/; x)||c < m (-/J^fr^ + 0(1) (5^)£n(/|')L,. (39) 

Po3rji5i;],aK)HH TOHHi BepxHi Me>Ki o6ox HacTHH HepiBHOCTi (39) no Kjiacax C^2-> 
OTpuMyeMO 

5Ik BHnjiHBae 3 (^opuyjin (30) po6oTH [27] i 4)opMyjiH (65') po6oTH [34] b cniBBifl- 
HomeHHi (40) MOJKna nocTaBHTH 3HaK "flopiBHioe". Sasna^HMO TaKOJK, mo b [37] 



00 



BCTanoBjieni TO^ni piBHOCTi BejiHHHH £^(0^2; '5'n-i) sa yMOBH ^2 V^^(^) < oo- 

k=l 

IlpH s' = OO, 5IK BHnjiHBae 3 (10), 

if,,l(.')=if„l(00)=||^=L==|| =7T^. (41) 

yl — 2gcost + g"' oo [i- — q) 

Is 0, 3 ypaxyBaHHHM (11), (12) i (41), fljiH flOBijibHoi" / G C^Li^ (3 i/j G Pg, 
g G (0, 1) MOJKeMO 3anHcaTH nepiBHicTb 



\f(x) - S„_i(/; a;) lie < iin) ( ^^^^ + 0(l)^^±^')i?„(/;)i, (42) 



Po3rjT5i;];aiOHH tohhI Bepxni Me^Ki o6ox nacTHH nepiBHOCTi (42) no Kjiacax C^^, 

OTpHMyeMO 

e{Cl„ 5„_0e < Hn) (^^ + O(l)^Y^) . (43) 

5Ik BHnjiHBae 3 4)opMyjiH (30) po6oTH [27] i 4)opMyjiH (63) po6oTH [34] b (43) npn 

n — )■ oo MOJKHa nOCTaBHTH 3HaK "flopiBHioe". 
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/l^oeedeHHSi meopeMU 1. Hexaii / G C^Lg, 1 < s < oo. To^i b KO^Kniii 
TOHLi;i X G M (ahb., HanpHKjiafl, [38, c. 810]) Mae Mici];e inTerpajibne 3o6pa5KeHH5i 

Pn,p(/; x) = fix) - x) = lj fti^ - mi,n,p{t)dt, (44) 



B HKOMy 



00 



= Yl ^n,pik)Hk) COS (kt - ^) , J e N, (45) 

k=n—p+j 

a Tn,pik) BH3HaHaeTbC5i HacTynHHM hhhom: 

fl-^, n-p + l</c<n-l, , , 

II, k > n. 

IIoKjiafleMO 

^'(n-p+l) qn-p+i 



k=n—p+2 

BpaxoByiOHH (47), nepennmeMO (44) y BHrjia^i 



Pn,pif'i x) 

TT 

= V'(n - p + 1) (^^— J f^ix -t) ^n,p{k)q' cos (^kt - 



-TT 

TT 



+^ / ft{^-t)rn,p{t)dty 

— TT 

HpoBiBniH ejieMeHTapni nepeTBopennii, 3 ypaxyBaHHHM (46), oflepjKHMO 

00 n—1 oo 

k=n—p+l k=n—p j=k+l 

B po6oTi [21, c. 99-100] 6yjio noKasano, mo 

n— 1 oo p 

^ J2 q^ cos {jt - ^) = z,(t)p,,^,„,,(t), 

k=n—p j=k+l 
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yl — zqcost + 

PqAnAt) = J2 ^'^ COS (^^ + ^«(^) " 
fc=n— p+1 

gsint 

^g(t) = arctg- -. 

1 — q cos t 

OyHKLi;il Zq{t)Pq^p^n,p{t) i fn,p{t) OpTOrOHajIbHi flO 6yflb-5IKOrO TpHrOHOMeTpHH- 

Horo nojiinoMa tn-p nopii^OK, HKoro ne nepeBHin;ye n — p. ToMy fljiii flOBijibHoro 

nOJlinOMa tn-p 3 T2{n-p)+l 



2 y 



"i/yl 77- — p -\- I.) I I f q v" y ' -^J \ \ 

P»,p(/;^) = y I S„^f{x-t)[^ •Z,(t)P,,^,„_p(t) + r„,p(t)jdi 1, 

(48) 



— TT 



Kpi-)=fti-)-tn-pi-). (49) 



B [26, c. 6-7] BCTaHOBjieno, mo npn n— p — )• oo Mae MicD;e piBHOMipna no t, n, p, q, ip 
i (3 oi],iHKa 

l'-».fWI = 0(l)^^mm{l,-^}. (50) 

BpaxoByiOHH (50), is piBHOCTi (48) o^ep^KyeMO 

TT 

PnAf:^) = '^^''~/p^^^ J <p(:^-t)(g-^"-^+^^^,(t)P,An,p(i) + 

— TT 

+0(l)(^min{p.^})dt. (51) 

^ajii, oGpaBHiH b () b pojii tn-p{-) nojiinoM t^_p{-) naiiKpamoro Ha6jiH>KeHH5i b 
npocTopi Lg 4)yHKLi,ii f^{-)i to6to TaKHft, mo 
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1 sacTOcyBaBniH nepiBHiCTb 



II /" II 11 

/ K{t — u)ip(u)du\\^ < \\K\\s'\\(p\\s, G Ls, K G -Lg/, 1 < s < oo, -H — = 1, 

II J no g gi 

— TT 

(52) 

(flHB., HanpHKjiafl, [39, c. 43]), MaeMO 

< - P + 1) (<;-'''-'-+"||Z,(t)P,.ft„,,(t)L,+ 



+0(l)^2=-S±jj min {p, (53) 

B CHjiy cniBBi;];HomeHH5i (69) po6oTH [24] fljiH s', 1 < s' < oo npn n — )■ oo Mae 

Mici],e acHMnTOTHHHa piBHicTb 



\\Zq{t)Pq^^^n,p{t)\\3' — 
qn-,^l(\\^^K,,{s')+0{l). ^ 



{n-p+l){l- qyi^'^p) J' 

IIpH S = 2 (flHB. [24, C. 1680]) piBHiCTb () MO:>KHa nOKpaiUHTH OCKijIbKH 

n— 1 oo Q 

mt)p,Anm\^ = II E E 1' (i* - = 

k=n—pj=k+l 



(54) 



+1 l + 9^-9^>-(2p+l-9^(2p-l)) 

= 9"-''+^ifp,,(2) = g»-^+ilI^2£*jf (2). (55) 

noe;];HaBmH nepiBHicTb () 3 OLi;iHKaMH () i (), oflep>KyeMO (). 

Jlf)Bej\eMO flpyry nacTHHy TeopeMH. J\ji^ i],boro flocHTb noKasaTH, 111,0 fljia ^o- 
BijibHoi' (^yHKD;ii (/? G -Lg, Mo:>KHa BKaaaTH 4)yHKLi;iio $(•) = $((^; •), flJia hkoi 
En-p+i{^)Ls = En-p+iiy'-p) npH Bcix n,p G N, p < n, i KpiM Toro, Mae MicD;e 

piBHiCTb 

|,„,,(^;0)Hfa±il(M^;.„(/)+ 

+^(i)( („-,/i)il,)..>, + (f^"''°far^}))^~-^^'K)^-- (56) 
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B CHJiy, iHTerpajibHoro 3o6pa:>KeHH5i (48), OLi;iHKH (50) Ta cJ^aKxy opToronajib- 
HOCTi 45yHKD;ii Zq{t)Pq^p^n,p{t) A© 6yj\i>-RK.ovo TpHroHOMeTpHHHoro nojiinoMa 

tn-p £ 'T2{n-p)+l, AJI^ ^OBijIbHOl 4)yHKI],il / 3 MHO>KHHH C^Lg, ijj ^ Vg, < q < 1, 
BHKOHyeTbCH pibHiCTb 

|p„,,(/;x)|=V'(n-p+l)(g-(--^+i)|-^ J //(x - t)Z,(t)P,,^,,,,(t)c?t| + 



-TT 



+0(l)^n..n{l,-^K_,,,(/;^^^^ 

= i;in-p + i) (g-(^-^+^Vn,p(J';''(//); ^)|+ 

fle a = InJ. 

BnacjiiflOK TeopeMH 3 po6oTH [28, c. 313] fljia flOBijibHoi" 45yHKD,ii 
(/?G-Ls, l<s<(X) snaiifleTbCH 4)yHKi];i5i (^(i) Taxa, mo 

En-p+li(f)Ls = En-p+l{^)L, (58) 
i flJIH HGl BHKOHyeTbCil pibHicTb 

\Pn,p{jfmM = 

q^~P'^^ (\\cost\\s' f ,^ , ^^^^ q'5(s^ 

OyHKi],i5i F = J'p{ip) e myKanoK), ocKijibKH p^jia. nei' b CHjiy ()-() BHKOHyeTbCH 
(). TeopeMy 1 flOBefleno. 

TeopeMa 2. HexaU '0 G "Dg, 0<g<l, /3GR;n,j9GN;j9<nzl<s<oo. 
Tb(?z doeiJitHOi (^yHK%n f G -i'^-i'i cnpaeedjiuea Hepiemcmb 



(60) 
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de Kq^p{s) i a{s,p) eusHanajomhCR ^opuyAaMU (10) z (11) eidnoeidno, a 0(1) — 
eeAUHuna, pienoMipHO odMeatcena eidnocHO ecix posdAndyeaHux napauempie. 

/l^oeedeHHM, meopcMU 2. Hexaii / G L'^^Li. BHacjii/],OK iHTerpajibHoro 3o6- 
pa^KeHHH Ta TBep^JKenHH 1.5.5 is po6oTH [39, c. 43], OTpHMyeMO 

+0(l)^Y^min{p,^})[|M^-t)||i, l<s<oo, (61) 

fle 6n^p BHSHanaeTbCii pisHicTK) (49). 06paBmH b () b HKOCTi tn-p nojiinoM naii- 
Kpamoro Ha6jiH5KeHH5i 4)yHKi];ii / b MeTpnn;! npocTopy Li, oflep^KHMO 

+0(1)^3^™'" {P' Y^g})En-p+i(ft)h- (62) 
B CHjiy piBHOCTi (69) po6oTH [24] MaeMO 

\\Z,{t)P,,p,n,pms = 

= ( ^l^^^K,p{s) + 0(1)- ^ . (63) 

3 i BHnjiHBae (). TeopeMy 2 flOBefleno. 

3 TeopeMH 2 i OLi;iHOK (22)-(25) OTpHMyeMO nacTynni TBep;];5KeHH5i. 

■ V 

isAndy (18). Todi dAR doeiAhuux f ^ L^^ 
n,pGN, p<n, l<s<oo cnpaeedAuea Hepiemcmh 



HacMdoK 4. Hexau MHOoicuHU L'^Li, /3 G R nopodofcywrntc^ Koecpiv^ieHmaMU 
ip(k) = '0z(^) ■^<^6p Pq^p{l,t), I G N 6U2Andy (18). Tb(?z doeiAhHux f G Lthi, 



l/>„,p(/; X) lU, < ^(1 + ^ X{(k + 2u)) X 

^ 7=1 z^=0 



+ (n-p+'i)(i-g)2 '""' {p> Y^}))s„-..i(/;)i. 
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de Kq^s) i a{s,p) eusHanajomhCR ^opuyAaMU (10) z (11) eidnoeidno, a 0(1) — 
eeAUHuna, pienoMipHO odMecHcena eidnocHO ecix posdAndyeaHux napauempie. 

HacjiidoK 5. Hexau mhochcuhu L^Li, G R nopodjfcywmbcji Koec^iv^ienmaMU 
'^(k) = qk^q-k ^dep Vq^p{t) 6U2ARdy (20). Todi dAR doeiAhHux f G L'pLi, n^p E 
N, p<n, l<s<oo cnpaeedAuea HepieHicmb 

2qn-p+i / ||cost|L ...^.-..f q , 

- (1 + g2(n-p+i))p 1^ j,i+i/s '^'i^P^^^ ^ "^^^^{{n - p + - qyi^^P) 

de Kq^s) i (t{s,p) euaHauawmhCM ^opMyAaMU (10) « (11) eidnoeidno, a 0(1) — 
eeAuuuna, pienouipno odMeatcena eidnocno ecix posdAndyeanux napauempie. 
HacmdoK 6. Hexail MHOomunu L^Li, /3 G M nopodMcytonfihcsi Koe^iv^ienmaMU 

k I 

ip{k) = ^ ^dep Nq^pit) eu2A^dy (21). Todi dAM doeiAtnux f G L^Li, n,p G N, 
p < n, l<s<oo cnpaeedAuea nepienicmh 

\\pnAf'^^)\\Ls < 

r/""^'+^ II cos f II a 



+ („ _ p + _ {P' J^g}))En-MfX, 

de Kq^s) 1 cr{s,p) euanauaTomhc^ (popjuyAaMU (10) i (11) eidnoeidno, a 0(1) — 
eeAUHuna, pienoMipno o6MecHcena eidnocno ecix poadA^dyeanux napaMcmpie. 

TeopeMa 3. HexaU ip G Vq, /3 G M. Todi dAn doeiAhnux f G C^Ls, 
1 < s < oo, n^p E N, p < n cnpaeedAuea nepienicmh 



< 



cost 



||Pn,p(/;^)||c < 

oo 

-V'(n-p+l)+0(l) Yl mrnAk))En-p+i{ft)w (64) 



Tip 

^ k=n-p+2 



Upu v^hOMy dAn 6ydh-nK0i ^ynKii^ii f G C^Ls, 1 < s < oo z doeiAhnux 
n^p G N; p < n e Mnoofcum O^Lg, 1 < s < oo, anaudemtcH (fjynKu^iM 



21 



F{x) = F{f;n;p;x) mana, m,o En-p+i{Fp^^ = En-p+iU^)^^, i dAn net npu 
n — p — )• oo euKOHyemhCR pieHicmb 

\\Pn,p{^'^^)\\c = 

II +\\ 

= {'^^^^ir^-P + '^) + Om E mr„Ak})E„-MFt)':' (65) 



^ k=n-p+2 



de s' = y I () Koe(f)iii^ieHmu Tn^p{k) eusHaHawmhc^ pienicmw (46), a 0(1) 
— ecAUHUHU, pioHOMipno oOMecHceni eidnocHO ecix poadAAdyeaHux napaMempie. 
/l^oeedeHHH meopeMU 3. HepenHmeMO (44) y snrjiiifli 

Pn,p(/; x) = Jp^^^ j ^"^^^ ~ {{n-p+ l)t - ^)dt+ 



— TV 



+ f^ix-m2,n,pit)di, (66) 

—IT 

fle ^^2,n,p(^) 03Ha^aeTbC5i pisHicTio (45). 

OyHKLi;ii cos ((n— p+l)t— ^) Ta '^2,n,p{t) opToronajibHi 6y;];b-5iKoro xpn- 

roHOMeTpHHHoro nojiinoMa tn~p nopH/],Ky He BHmoro n — p, Touy b CHjiy () 



Pn,p(/; X) = ^ I 5n,p{x - t) COS [ijl - p + l)t - ^)dt+ 



—IT 

TT 



+ i J SnA^ - t)^2,nAt)dt, (67) 



— TT 



AG ^n,pi') BH3HaHaeTbC5I piBHiCTK) (49). 

06paBmH B y pojii tn-p{-) nojiinoM t^_p{-) naiiKpamoro Ha6jiH>KeHH5i b npo- 
CTopi Ls 4)yHKD;ii f^{-) Ta BHKopHCTOByHD^H 4)opMyjiH (46) i (52), inTcrpajiH piB- 
HOCTi oi],iHHMO HacTynHHM hhhom: 

TT 

II J Sn,p{^-t)cOs{n-p+l)tdt\\^ < \\6n,p\\s\\ cos t\\s' < W COSt\\s'En-p+l{fp)Ls, 

— TT 

(68) 
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TT 



—IT 



X 2 ' 

< -||(^n,p|U|*2,n,p||s' < Yl i^ik)rn,p{k)En-p+i{f^)L,. (69) 

k=n—p+2 

06'eflHyK)^H (68) i () OTpHMycMO (). 

JJpBefl^euo APyry nacTHHy xeopeMH. 3 inTerpajibHoro 3o6pa5KeHH5i () i 4)aKTy 
opToroHajibHOCTi 4)yHKii,ii '^2.n,pit) AO 6y;],b-5iKoro TpHroHOivieTpHHHoro nojiinoMa 

^n-p € 'T2{n-p)+l BHnjIHBae, 111,0 flJIH flOBijIbHOl 4)yHKI],ii / G C^Lsi 1 < s < oo, 
•0 £ ^^05 ^ BHKOHyeTbCH pibHiCTb 



bn,p(/;a:)| = 



'0(n — p + 1) 



7rp 



TT 

y f'^p[x-t)cos{[n-p+l)t-^)dt 



+ 



— TT 



CXD 



(70) 



+0(1) mrnAk)En^P+l(fl)L.- 

k=n—p+2 

BpaxoByiOHH (), ii],o6 nepeKonaTHCH b cnpaBefljiHBOCTi () flocHTb noKasaTH, mo 
HKOK) 6 He 6yjia (^yHKD;i5i (^G-Lg, l<s<oo SHaftfleTbCii 4)yHKD;i5i 
$(•) = ^{(f, •), HKOi npn Bcix n,p G N, p < n 



^n-p+l(^)L« = ^n-p+l(</')i:« 



(71) 



1, KpiM Toro, Mae MiCD;e piBHiCTb 

TT 



I J $(t) cos ((n - p + l)i + ^)dt\ = II cosi||,.^„_p+i(v?)L^, (72) 

— TT 

B HKOCTi $(•) posrjiHHeMO 4)yHKD;iio 



$(i) = 



= llcostllj, "^'1 COS ((n-p+ 1)^+^)1'' ^ sign cos {{n-p+l)t + ^)En-p+iiip)Ls 

(73) 
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J^jia. Hei 
||$(t)||,= ||cost||J; 



l-s'i 
s' 



COS 



((n - p + l)t + ^y-'^'dt) 'Er,-,^,{^)L. = 



I3ti. ||s'-i 



= II COS^II^, ' II COS ({n-p+ l)t + — ) 11^, En-p+l{ip)L, = En-p+li(f)L,. (74) 
KpiM TOrO, OCKijIbKH flJIH flOBijIbHOrO tn-p G 72(n-p)+l 

TT 

y tn-p(r)|$(r)|^-isign$(r)dr = 



-(I 



COS till, "^'E^- 



n— p+1 



s-1 



t„_p(r) COS ( (n - p + l)r + = 0, 



—IT 



TO Ha niflCTasi TeopcMH 1.4.5 po6oTH [39, c. 28] mojkcmo 3po6hth bhchobok, mo 
nojiinoM = e nojiinoMOM nanKpamoro Ha6jiH5KeHH5i 4)yHKD;ii ^{t) b MeTpHu,! 
npocTopy Lg, 1 < s < oo. Ot^kc, 3 ypaxyBaHHHM (), 



B CHJiy 0, 



TT 

J *(t) COS ((n - p + l)t + ^)dt 



(75) 



— TT 



PtT. |s'-1 



cost||Jr^X-p+i(^)L.| y |cos ((n-p + l)t + ^)| 



X 



— TT 



X Sign COS (^(n — p + l)t + —) cos (^(n — p + l)t + —)dt 



= II cos till, ''En- 



n—p+1 



I COS {{n-p+l)t+^)\' dt = II COSt\\s>En-p+li(f)L, 



— TT 



3 ocTannix cniBBi;];HomeHb BnnjiHBae (72). TeopcMy 3 ppBeji^eHO. 

TeopeMa 4. Hexau ip e Po; £ Tb(?z doeijitnux f G C^Loq, n^p eN, 
p < n cnpaeedAuea HepieHicmb 



\pn,pif'^^)\\c < 
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k=n—p+3 

(76) 

IJpu v^hOMy djiM dydh-MKOi (pyHKU^ii f G C^L^ i doeiAtnux n^p^N, 
p < n SHaUdemhcn ^yHK%in F (x) = F (f ; n; p; x) G C^C mana, vu^o 
En-p+i{Fp) ^ = En-p+i{f^) ^ i dAn nei npu n — p — )• oo euKOHyemhcn piemcmh 

\\pn,p{F;x)\\c = 

(77) 

y ^ Koe(f)iii)ieHmu Tn^p{k) euanaHaTom'bcn piemcmw (46), a 0(1) — eeAU- 
HUHU, pieuoMipHO o6MecHceui eidnocHO ecix poadAndyeanux napaMempie. 

/l^oeedeHHfi meopeMU 4. Hexaft / G C^Loo, ip ^ '^o- BnxofliiHH 3 (44), Ta 
BpaxoByiOHH 4)aKT opToronajibHOCTi 4)yHKD,ii ^i,n,p(^) AO 6yflb-5iKoro nojiinoMa 
t^i-p nopHflKy He BHiii,oro sa n — MO>KeMO sanncaTH 

TT 



— TT 

TT 



— / ^nA^ - t)(^p{n-p + l)cos ({n-p+l)t - — ) + 
irp J z 



Bit °° Bit 
+2^(n-j?+2)cos((n-p+2)t-^)+p ^ r„,p(A;)^(A;) cos (H-^))oJi, (78) 

K=n— p+3 

AG Tn^k) i ^n,p(") BHSHanaiOTbCH piBHOCTHMH (46) i (49) Bi;],nOBi;],HO. 

06paBmH B y pojii tn-p nojiinoM HaiiKpamoro Ha6jiH»:eHH5i b npocTopi 
Loo (i>yHKD;ii fp i sacTOcyBaBinn nepiBHicTb (52) npn s = oo, OTpHMyeMO OD;iHKy 

||Pn,p(/;^)||c < 

< —(\\^{n-p+l) cos ((n-p+l)t-^)+2V'(n-p+2) cos ((n-p+2)t-^) ||^+ 
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00 n 

E r^Ak)m cos {kt-^)l)E^.,+,if;^)^^< 

k—n—p+'d 

< — (\\ip(n — p + 1) cos(n — p + l)t+ 
7rp\ 

+2V^(n - p + 2) cos ((n - p + 2)t + ^^^i) ) II i+ 

00 

+0(1)^5 5] r,,p(fc)V^(fc))K-p+i(//)^^, (79) 
5Ik BHnjiHBae 3 po6oTH CO. TejiHKOBCbKoro [40, c. 512-513], 

||V^(n-p+l)cos(n-p + l)t + 2V^(n-p + 2) cos ((n-p + 2)t + — — 7t)|L + 

2[n — p + 1) ^ 



00 



k=n—p+3 

< #(n - p + 1) + 0(1) ( ^'/"^ J ^ +f ^ + p E ^n,p(fe)^(fe)) ■ (80) 

CniBBi;];HomeHH5i () i () ;];oBo;];5iTb nepiBnicTb (). 

JXoBepfiMO APyry nacTHHy TeopcMH 4. Bhxo^hhh 3 iHTcrpajibHO- 
ro 3o6pa5KeHH5i () i BUKopncTOByiOHH (^aKT opToronajibHOCTi (^yHKLi;ii 

oo 

X] Tn,p{k)ip{k) COS (/ct — ^) flo 6yflb-5iKoro TpHroHOMeTpn^Horo nojiino- 

A;=n— p+3 

Ma tn-p nopHflKy ne BHinoro n — p, fljiH flOBijibHOi 4)yHKLi;ii / 3 mho^khhh C^L^q-, 

1p & Dq^ P & M. BHKOHyeTbCil pibHiCTb 



77 

Mf; I = ^^""^"^^^ / fti--^ - t) ( COS ((n - p + l)t - ^) + 

TCp J Z 

— TT 

+^ !!! " ! t il ''"^ ((»-P+2)t-^))d* +0(1) r„,,(fc)V.(fc)£„-,+i(/*)^ . 

(81) 

^Ji5i /];0Be/],eHH5i (), 3 ypaxyBaHHHM (), flocHTb BCTanoBHTH, mo fljiH flOBijibHoi 
(f G = G -Loo : '/'-LI} icHye 4)yHKD;i5i $(•) = $((/?; •) G C fljiii hkoi npn 
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Bcix n,]? G N, p < n 

i, KpiM Toro, npH n — p ^ oo Mae Mici],e piBHicTb 

I / $(0 ( cos ((„ - „ + l)t + ^) + 2 ^};;:^ + ;] eo^ ((« - p + 2)« + ^) )dt| = 

— TT 

HoKjiafleMO 

V?o(i) = sign COS (^(n-]9+ l)t + K-p+i(<^)oo 
i ^epes (ps{t) nosna^HMO 27r-nepio;];H^Hy 4)yHKD;iio, 5iKa 36iraeTbC5i 3 (po{t) CKpisb, 

3a BHKJIK)HeHH5IM ^-OKOJliB {0 < 6 < 2(^n-p+l) ^ TOHOK tk = ^2{n-p+l) ' ^ £ ^, A© 

BOHa jiiniiiHa i i'l rpacj^ix cnojiy^ae tohkh [tk — (po{tk — S)) i {tk + (po{tk + (^))- 
OyHK^i5I HenepepBHa i y TOHKax = ^^^^y k = l,2, 2(n - p + 1) 

nepio;],y ( — 2(^n-^+i) ' ~ 2(n-p+i) ] A0C5irae no aGcojnoTniii nejinnnni MaKcniviajib- 
Horo 3HaHeHH5i, siKe flopinnioe £'ri-p+i((/?)oo, no^eproBO 3MiHioiOHH 3HaK. ToMy 
i'i' nojiinoM naiiKpan^oro pinnoMipnoro Ha6jiH5KeHH5i nop5i;];Ky ne nnn^oro n — 
3ri^no 3 KpnTepieM Me6nmoBa, e nojiinoM, ni,o TOTO>Kno /],opiBnK)e nyjno i, OT>Ke, 

En-p+l{(pd)c = \\f6\\c = En-p+l{(p)oo- (83) 

BpaxoByiOHH (52) i (83), o^ep^KyeMO 

TT 

I J y.,(t)(cos((n-p + l)t + ^)+2 ^|^~^ + ^j co8(in-p + 2)t + ^))dt\ < 



-TT 

TT 



cos(n -p + l)t + 2-^^ f cos ((n-p + 2)t : — r) \dtx 

ipin-p+l) 



— TT 



V^(n— p+1) 2(n — p -\- 1) 

xEn-p+l{<f)L^. (84) 
I3 nepinnocTi (19) po6oTn [40, c. 513], BnnjiHBae on^inxa 



TT 

/ 



cos n - p + l)t + 2-77 ^- — -4 cos ( n - ]9 + 2)t - — — — ) \dt < 

^ ^ ^ ip{n-p + l) ^ ' 2(n-p + l)^' - 
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<4 + 0(l)( '^'"-^ + ^> )'. (85) 

3 inmoro 6oKy, 

TT 

I 1 y^.(t) ( ((^ - ^ + + + 2 ^1^ I ^ I l| cos ((n - p + 2)^ + = 



-TT 

TT 



= 1 1 y>o(^)(cos((n-p+l)t+^)+2 ^|^_^ + ^j cos((n-p+2)^ + ^))d^| + 

— TT 

+0(l)r„,p((5), (86) 

TT 

^nA^) = I / (v^cjW - V^o(i))(cos ((n - p + l)i + ^) + 

— TT 

+2^^ cos ((n - p + 2)t + ^-^))dt\ . (87) 

OcKijIbKH -0 G 1^0 J TO flJIH flOCHTb BCJIMKHX HOMCpiB fl — p CnpaBflJKyeTbCH HCpiB- 
HlCTb < 1 1, OTJKG, 

TT 

<Z j \^5{t) - ipo{t)\dt < 6{n-p+l)5Er^-p+l{ip)oo. (88) 



— TT 



BH6paBmH S nacTijibKH MajiHM, iii;o6 BHKonyBajiacb yMOBa 

< S < ^-(tt-P±3.)\ (89) 

n — p + 1 \yj[n — p ^ 1) / 

is (88) oflep^KHMO OLi;iHKy 

= ( Sn-p+?) )''^"-''"''^'°°- 

TT 

OcKijibKH / cpo{t) COS [{n — p -\- 2)t -\- ^)dt = 0, to 



— TT 



(^o(^) ( COS ((n - p + l)t + ^) + 277^^-^^ cos ((n - p + 2)t + ^))dt\ = 

2 ip[n — p + 1) 2 



28 



TT 

(fo{t) cos ((n - p + l)t + —)dt\ = 



—IT 



TT 

/Btt 
I cos ((n - p + l)t + — ) |c?iK_p+i(^)oo = 4K-p+i(^)oo- (91) 

— TT 

Is 4)opMyji ()-(), (90) i 6awM0, mo fljiH 4)yHKD;ii $(t) = (psit) Y ^kIh napaMCTp 
6 3a/];oBOJibH5ie yMOBy (89), npn n — ]9 + 1 — )■ oo Mae MicLi;e piBnicTb (), a, OT>Ke, i 
(). TeopcMy 4 flOBefleno. 

oo 

OcKijibKH fljiH cyM Yl Tn,pik)ip{k)^ iiKi 4)irypyiOTb b Tcopeiviax 3 Ta 4, 

k=n—p+j 

MaiOTb Mici];e piBHOCxi 

f 



00 



k=n—p+j 



n—1 oo 

E ^^(/^)+E^(/^), P>J, jeN, 

) k=n—p+j k=n 

oo 

A;=n— p+j 



(92) 



TO, 5IK HCBajKKO nepcKOHaTHCii, fljiH HHX cnpaBe/];jiHBa nacTynna oi];iHKa SBepxy: 

oo 00 oo 

J2 rn,p{k)^{k) ^mm{ ^^(A;),- ^ (/, _ n + p)V^(/c)}, j G N. 

k=n—p+j k=n—p+j ^ k=n—p+j 

Otjkc, b cniBBi;];HomeHH5ix () i () TeopeMH 3 Ta cniBBi/];HomeHH5ix () 

oo 

i TeopeMH 4 BejIHHHHH 0(1) E 'Tn,p{k)lp{k) MO>KHa SaMiHHTH Ha 

k=n—p-\-j 

oo oo 

0(l)niin{ E E (fc-n + p)V^(A;)},j =2,3. 

k=n—p+j k=n—p+j 

HepiBHOCTi () i () sajinmaiOTbCii acHMHTOTH^HO HeHOKpanj;yBaHHMH ne tIjibkh 

Ha ycix MHO>KHHax C^Lg^ 1 < s < oo Ta C^L^ npn tjj E T>q, ajie i na TaKHx 

BaJKJIHBHX i'x niflMHOJKHHaX, HK KJiaCH i C^oQ- BHHJIHBae is HaCTyHHHX 

MipKyBaHb. PosrjiHHeMO tohhI Bepxni Me>Ki b o6ox nacTHnax nepiBHOCTi () ho 

Kjiacy g 1 < s < oo i tohhI Bepxni Me>Ki b o6ox HacTHnax nepiBHOCTi () ho 
Kjiacy Cp^. B pesyjibTaTi o/],ep>KyeMO nepibHOCTi 

/II ■/■II °° \ 

^(Cl^-^ yn,p)c < ( ^^^V'(n - P + 1) + 0(1) J2 ^ik)rn,pik) j , 1 < s < oo, 

^ k=n-p+2 ' 

(93) 



29 



£icl^;K,)c < i(lv.(n-p+i)+0(i)(|^-|±^+p f: V(fc)Wfc))). 

(94) 

SicTaBjiHiOHH flBa ocTaHHi cniBBiflHomeHHH BiflnoBiflHO 3 piBHOCTHMH (24) i (7) 
po6oTH [22, c. 337, 341], npnxoflHMO flo bhchobky, mo y cniBBiflHomeHHiix (93) i 
(94) M05KHa nocTaBHTH 3HaK ";];opiBHioe". 

y BHnaflKy, kojih ijj{k) = e^"**^, a > 0, r > 1 (to6to, kojih C^Ls = C^'^Ls)^ 
5IK noKaaano b [22, c. 348], fljiH flOBijibHHx a > 0, r > 1 Mae MicLi;e OLi;iHKa 

oo oo 

E mrnAk) = E e-"'v„,,(fc) = 

k=n—p+j k=n—p+j 

= 0(1)/(^)-1(1 + \ J "(^)e-"("-^+^-)\ J e N, (95) 

^ ar{n — p + jy'^"^ 

y 2, 5IKmO, ]9 > J, J G N, 

a Koe4)iLi,ieHTH Tn,p{k) osHanaiOTbCH 4)opMyjioK) (46). Ot^kg, b CHjiy () is xeopeM 
3 Ta 4 o/];ep5KyeMO nacTynni TBep^JKennii. 

HacjiidoK 7. Hexau a>0, r>l, /3eR, nGN, ]9<nzl<s< oo. 
Todi dAR doGiAhHux f G C^'^Ls cnpaeedAuea HepieHicmh 



|Pn,p(/;a;)||c < 



/ 1 \ o-(p) p"("-p+l)'' \ 



P V TT 

1 \ o-(p) e'^{n-p+iy 

ar{n — p + 2)' 
(9e (7(p) osHanaemhCR (popMyAow (96), s' = s/(s — 1). 

IIpu VfbOMy Bar 6yd'b-siKoi (f)yHKyn f G C^'^Lg, a > 0, r>l, l<s<(X)z 
doeiAhHux n^p E N, p < n 6 MHO^mum C^'^Lg, 1 < s < oo, SHaudemhCM (fiyuKv^iR 
F{x) = F{f;n;p;x) mana, m,o E„_p+i(F|''')^^ = En-p+iif^''') i Oah nei npu 
n — p — )• oo euKOHyemhCR pieHicmb 



\Pn,piE;x)\\c = 



P V 
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y z 0(1) — eeAUHUHU, pienoMipHO odueotceHi eidnocHO ecix possAndyeaHux 
napaMempie. 

HacjiidoK 8. Hexau a > 0, r > 1, /3 G IR, p, n G N, p < n. Tb(?z 
doGiAhHux f G Cp'^Loo cnpaeedAuea Hepiemcmh 

\\PnM; ^)\\c < — - — - + o(i) 



p 

(?e (7(p) oaHauaemhCR (jjopMyAOW (96). 

/7pu 'H'bOMy dAR dydh-HKo'i (^yHKV^n f G C^'^Loo, a > 0, r > 1 z doeiAbuux 
n^p E N, p < n 6 MHOOfcuHi Cj^'^L^, aHaUdemhCR (^yHKi^iJi F{x) = n;p; x) 
maKa, ui^o En-p+i{Fn'^) = , i Bar net npu n — p ^ oo euKO- 

nyemhCR pieHicmh 

-a{n-p+lY / ^ .^2a{n-p+iy 

= + 0(1) ( ^,,(„_,,„. + 

+ + a.(n-; + 3)-- )'"'££S))^"--^^<^rU.- (100) 

y « 0(1) — eeAUHUHU, pienoMipHO odMeofceni eidnocno ecix poasA^dyeanux 
napaMempie. 



p+2y 
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